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Abstract
The Jarlskog rephasing invariant parameter |J | is evaluated using
one of the six Unitarity Triangles involving well known CKM matrix
elements |Vud|, |Vus|, |
Vub
Vcb
|, |Vcd|, |Vcs| and |Vcb|. With PDG2000
values of |Vud| etc. as input, we obtain |J | = (2.71 ± 1.12) × 10
−5,
which in the PDG representation of CKM matrix leads to the range
21o to 159o for the CP violating phase δ. The CKM matrix elements
evaluated using this range of δ are in agreement with the PDG CKM
matrix. The implications of refinements in the input on |J |, δ and CKM
matrix elements have also been studied.
Recent discovery of neutrino oscillations in atmospheric neutrinos by the
SuperKamiokande Collaboration [1] has not only given the first clear cut signal
for physics beyond the standard model (SM), but has also triggered great
amount of activity in neutrino mixing phenomena as well as in the related
issue of fermion mass matrices. This has also given an impetus to study more
deeply the quark mixing phenomena which have been under investigation for
the last two decades. In fact, there is a need to closely examine the quark
mixing phenomena in the hope that one may decipher some signal, howsoever
faint, for physics beyond the SM.
In the context of quark mixing phenomena, over the last two decades, sev-
eral analyses have been carried out [2], some of these in the last few years
[3]. The basic purpose of these analyses has been the evaluation of Cabibbo,
Kobayashi and Maskawa matrix (VCKM) elements defined as,


d
′
s
′
b
′

 =


Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb




d
s
b

 . (1)
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The usual inputs for the analyses are the CP violating parameters, ǫK and
ǫ
′
K , as well as Bo − B¯o mixing phenomenon besides unitarity of CKM matrix
defined as
∑
α=d,s,b
ViαV
∗
jα = δij , (2)
∑
i=u,c,t
ViαV
∗
iβ = δαβ . (3)
where Latin subscripts run over the up type quarks (u, c, t) and Greek ones
run over the down type quarks (d, s, b). These analyses have given considerable
insight into the dynamics of CKM matrix elements and their consequences, in
particular the unitarity triangle (UT) based analyses [4, 5, 6] have considerably
sharpened the relationship between the CP violation and B - decays. However,
it is to be noted that in these analyses, the effect of unitarity, ǫK and Bo− B¯o
mixing etc. on the CKM matrix elements is carried out simultaneously. In
other words, the separate implications of unitarity, ǫK and Bo−B¯o mixing have
not been studied, in particular, on such important quantities as CP violating
phase δ and CKM matrix elements involving t quark.
In view of the availability of rephasing the quark fields [2], the CKM matrix
has 36 representations, therefore it has been advocated in the literature that
the analysis of CKM phenomenology should be carried out in a rephasing
invariant manner [4, 7, 8]. In this context Jarlkog [8] has defined an interesting
quantity J which is rephasing invariant as well as all CP violating effects within
the CKM paradigm are proportional to it. Interestingly J is also directly
related to the commutator of the quark mass matrices [8], for example,
det[mm†, m
′
m
′†] = −2iJ(m2t −m
2
c)(m
2
c −m
2
u)(m
2
u −m
2
t )
× (m2b −m
2
s)(m
2
s −m
2
d)(m
2
d −m
2
b). (4)
Therefore an evaluation of |J | based on data is going to have important im-
plications for texture specific mass matrices in the sense that it could provide
valuable clues for searching the right texture for fermion mass matrices [9].
In the very recent analyses, Parodi et al [10] and Mele [11] primarily con-
centrate on finding CKM parameters in the Wolfenstein parametrization [12]
and the angles of unitarity triangle, while J. Swain et al [13] determine CKM
parameters with and without unitarity. The PDG analysis [14, 15] evaluates
the CKM matrix elements using the measured CKM elements and the unitar-
ity as implied by the nine equations given by 2 and 3. These analyses, however,
have not been carried out in the rephasing invariant manner as well as they do
not evaluate J . Therefore a rephasing invariant analysis of the CKM matrix
based on unitarity is very much desirable in the hope that this may sharpen
the predictions of unitarity for CKM matrix elements.
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The purpose of the present Rapid Communication is to evaluate |J |, based
on non zero CP violation and on the unitarity triangle expressed by the rela-
tion,
VudV
∗
cd + VusV
∗
cs + VubV
∗
cb = 0 (5)
and referred to as uc triangle. This is the only unitarity triangle out of the
six implied by equations 2 and 3 with i 6= j and α 6= β, which involves well
determined CKM matrix elements. After evaluating |J |, we use the PDG
representations of VCKM to find CP violating phase δ and the elements of
CKM matrix involving t quark. We also intend to examine the implications of
present as well as future refinements in measured VCKM elements on fixing δ.
To begin with, we evaluate |J |, defined as [16]
Im[VαjVβkV
∗
αkV
∗
βj] = J
∑
γ,l
ǫα,β,γǫj,k,l. (6)
In principle one can evaluate |J | using the above formula, however, in practice
it does not help much as it involves CP violating phase δ, the least known
CKM parameter. Therefore, for the purpose of our analysis, we exploited the
relationship of |J | with the unitarity triangle. Out of the six possible unitarity
triangles we have used the triangle expressed through the equation 5. As men-
tioned earlier this triangle involves only those CKM elements which have been
directly measured, consequently |J | can be evaluated through the relation,
|J | = 2× Area of the Unitarity Triangle. (7)
With the availabilty of PDG2000 CKM elements [15], it is natural to use these
as input for evaluating |J |, however, with a view to understand the effect of
refinements in CKM matrix elements on |J |, we have also done our calculations
with PDG98 [14] values. In the same vein we have also carried our calculations
for “future” values of CKM elements which may be available in future. In table
1 we have given the PDG98 [14] values of VCKM elements, |Vud|, |Vus|, |
Vub
Vcb
|,
|Vcd|, |Vcs| and |Vcb|, as well as the recent PDG2000 values and “future” values.
While listing the “future” values, we have considered only those elements in
which the present error is more than 15%.
Before proceeding further, it is to be noted that the triangle mentioned
above is highly squashed. The sides of the triangle represented by |V ∗udVcd| (=
a) and |V ∗usVcs| (= b) are of comparable lengths while the third side |V
∗
ubVcb| (=
c) is several orders of magnitude smaller compared to a and b. This creates
complications for evaluating the area of the triangle without violating unitarity
and the existence of CP violation. To avoid these complications we have used
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the constraints |a| + |c| > |b| and |b| + |c| > |a| as suggested by Branco and
Lavoura [6]. Using these constraints and the experimental data given in the
column II of table 1 (PDG98), we have generated a histogram shown in figure
1. In generating the histogram all inputs i.e. |Vud|, |Vus|, |
Vub
Vcb
|, |Vcd|, |Vcs| and
|Vcb| have been taken at their 90% confidence level facilitating comparison
with the corresponding PDG analysis. A Gaussian is fitted into the histogram
plotted with approximately 30,000 entries as shown in figure 1. The resulting
value of |J | is given as,
|J | = (2.28± 0.86)× 10−5, (8)
which in the 90% C.L. leads to the range,
|J | = (0.87− 3.69)× 10−5. (9)
The value of |J | can now be used to calculate δ using the PDG representations
of CKM matrix, for example,
VCKM =


c12c13 s12s13 s13e
−iδ
−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e
iδ s23c13
s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e
iδ c23c13

 , (10)
with cij = cosθij and sij = sinθij for the generation labels i, j = 1, 2, 3. In the
above representation, J can be expressed as,
J = J
′
sinδ, (11)
where,
J
′
= sinθ12sinθ23sinθ13cosθ12cosθ23cos
2θ13. (12)
Before evaluating J
′
, using equation 1 we calculate sinθ12, sinθ23 and sinθ13
from the experimental values of |Vus|, |
Vub
Vcb
|, and |Vcb| given in table 1. The
corresponding values of sinθ12, sinθ23 sinθ13, presented in table 2, are used to
evaluate J
′
. Following the procedure outlined above for evaluating |J |, with
all input values at their 90% C.L., J
′
comes out to be,
J
′
= (2.86± 0.76)× 10−5. (13)
The range corresponding to 90% C.L. of J
′
can be easily found out and is given
as,
J
′
= (1.61− 4.11)× 10−5. (14)
Using equation 11, we can find the range of δ corresponding to various C.Ls.
of |J | and J
′
. In this regard in figure 2, we have plotted J
′
sinδ as a function
of δ. The upper and lower sinusoidal curves correspond to upper and lower
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limits of J
′
given by equation 13. The horizontal lines depict upper and lower
limits of |J | given by equation 8. Since J
′
sinδ should reproduce |J | calculated
through the unitarity triangle uc, therefore from figure 2, by comparing the
two one can easily find out the widest limits on δ, for example,
δ = 23o to 157o. (15)
The above range of δ corresponds to 1σ C.L. of both |J | and J
′
. Similarly,
using 9 and 14, the corresponding range of δ at 90% C.L. of |J | and J
′
can be
found out as shown in figure 3 and is given as,
δ = 12o to 168o. (16)
These values of δ apparently look to be the consequence only of the unitarity
relationship given by equation 5. However on further investigation, as shown
by Branco and Lavoura [6], one finds that these δ ranges are consequences of
all the non trivial unitarity constraints. In this sense the above range could be
attributed to as a consequence of unitarity of the CKM matrix.
Alternatively, using equation 11, one can find out δ for each of the 30,000
entries and likewise plot a histogram for δ. Again fitting a Gaussian to the
histogram, δ comes out to be,
δ = 51o ± 21o (I quadrant),
129o ± 21o (II quadrant). (17)
The corresponding range of δ at 90% C.L. is,
δ = 17o to 85o (I quadrant),
95o to 163o (II quadrant). (18)
This gives us relatively stronger bounds on δ. However, for the subsequent
calculations we have used ranges of δ as given by 15 and 16.
As has been mentioned earlier, we intend to compare our results both with
PDG98 [14] as well as with PDG2000 [15] CKM matrix. To begin with, as the
input for |J | has been from PDG98 values, therefore we compare our results
with PDG98 CKM matrix. To calculate the CKM elements, we have used the
values of sines of mixing angles at their 90% C.L. (using column II of table 2)
and δ at 90% C.L. of |J | (equation 16). The calculated VCKM matrix is,


0.9747− 0.9765 0.216− 0.223 0.0019− 0.0045
0.216− 0.223 0.9739− 0.9757 0.037− 0.042
0.004− 0.014 0.035− 0.042 0.9992

 . (19)
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To facilitate the comparison of corresponding CKM matrix elements as well
as for easy readability, we present below the VCKM from the PDG98 [14] also
calculated at 90% C.L..

0.9745− 0.9760 0.217− 0.224 0.0018− 0.0045
0.217− 0.224 0.9737− 0.9753 0.036− 0.042
0.004− 0.013 0.035− 0.042 0.9991− 0.9994

 . (20)
Comparing 19 and 20, one finds that we have been able to reproduce PDG
matrix with minor differences only at fourth decimal places. In addition to
the reproduction of CKM matrix elements, it needs to be emphasized that we
have calculated |J | and δ based entirely on unitarity and data, which to our
knowledge has not been calculated earlier. The availabilty of |J | and δ sim-
plifies the task of calculating CKM matrix elements as well as giving a deeper
insight into the contribution of CKM paradigm to CP violating phenomena.
The above method of evaluating |J |, δ and CKM matrix elements can be
easily repeated for the PDG2000 as well as “future” values of input parameters
mentioned in tables 1 and 2. The corresponding |J | and δ have been given
in table 3. For the sake of completeness, we have repeated the whole analysis
with input values at their 1σ and 3σ C.Ls. and the corresponding results for
|J |, J
′
and δ are listed in table 3.
A close look at the table 3 leads us to several interesting points. For
example, the bounds on |J | and δ are weak when the input values are taken at
their 3σ C.L., but we get relatively stronger bounds when the analysis is done
with the input values being at their 90% and 1σ C.L.. Further, it is clear from
the same table that there is not much change in the range of δ with PDG98
and PDG2000 values. However, if in future the ranges of |Vcs| and |
Vub
Vcb
| are
further constrained, lt may lead to significant narrowing in the range of δ so
obtained, as shown in columns V and VI of row IV of table 3.
To give a better insight into the implications of PDG2000 values on our
calculations, we present below the CKM matrix evaluated using values of sines
of mixing angles at their 90% C.L. (from column III of table 2) and δ at 90%
C.L. of |J |.
The calculated VCKM matrix is,

0.9756− 0.9765 0.216− 0.223 0.002− 0.005
0.216− 0.223 0.9739− 0.9757 0.037− 0.043
0.005− 0.013 0.036− 0.043 0.9992

 . (21)
To facilitate the comparison, we present below the VCKM from the PDG2000
[15] also calculated at 90% C.L..


0.9742− 0.9757 0.219− 0.226 0.002− 0.005
0.219− 0.225 0.9734− 0.9749 0.037− 0.043
0.004− 0.014 0.035− 0.043 0.9990− 0.9993

 . (22)
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Comparing the CKM matrices 21 and 22, we see that we are able to repro-
duce PDG2000 CKM matrix, once again justifying the procedure followed in
carrying out the present analysis. To assess the impact of future refinements
in CKM matrix elements |Vub
Vcb
| and |Vcs|, we present below the CKM matrix
elements corresponding to |J | and δ as mentioned in row III of table 3.


0.9747− 0.9765 0.216− 0.223 0.0029− 0.0043
0.216− 0.223 0.9739− 0.9757 0.037− 0.043
0.006− 0.013 0.036− 0.043 0.9992

 . (23)
Comparing 19, 21 and 23 we find that the |VCKM | matrix elements do not
show much variation when the latest [15] or the “future” values are used. The
small changes in the CKM elements mostly at the fourth decimal places are
not primarily due to change in the range of δ, but due to overall changes in all
the input parameters. This probably restricts the use of unitarity in evaluating
the |VCKM | elements involving t quark.
In conclusion, we would like to mention that using only one of the six
unitarity triangles, we have evaluated Jarlskog rephasing invariant parameter
|J | and consequently δ. Using this range of δ we have been able to reproduce
the PDG matrix at 90% C.L. evaluated by PDG group. Our calculations
also indicate that improvements and further refinements in VCKM elements
|Vcs| and |
Vub
Vcb
| result in significant narrowing in the range of δ, however
there is no appreciable impact on VCKM elements involving t quark, therefore,
their range can be narrowed only by direct measurement of δ. It needs to be
mentioned that an evaluation of |J | based on data is going to have important
implications for texture specific mass matrices as the parameter J is directly
related to the mass matrices. Our conclusions in this regard would be published
elsewhere.
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Element PDG98 values PDG2000 values “Future” values
|Vud| 0.9740 ± 0.0010 0.9735 ± 0.0008 0.9735 ± 0.0008
|Vus| 0.2196 ± 0.0023 0.2196 ± 0.0023 0.2196 ± 0.0023
|Vub
Vcb
| 0.08 ± 0.02 0.090 ± 0.025 0.090 ± 0.010
|Vcd| 0.224 ± 0.016 0.224 ± 0.016 0.224 ± 0.016
|Vcs| 1.04 ± 0.16 1.04 ± 0.16 1.04 ± 0.08
|Vcb| 0.0395 ± 0.0017 0.0402 ± 0.0019 0.0402 ± 0.0019
Table 1: The experimental values of VCKM elements, |Vud|, |Vus|, |
Vub
Vcb
|, |Vcd|,
|Vcs| and |Vcb|.
Parameter Input PDG98 values Input PDG2000 values Input “Future” values
sinθ12 0.2196± 0.0023 0.2196± 0.0023 0.2196± 0.0023
sinθ23 0.0395± 0.0017 0.0402± 0.0019 0.0402± 0.0019
sinθ13 0.0032± 0.0008 0.0036± 0.0010 0.0036± 0.0004
Table 2: Sines of the mixing angles calculated from the data given in table 1.
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|J | J
′
δ obtained
graphically with
|J | and J
′
at 1σ C.L.
δ obtained
graphically with
|J | and J
′
at 90% C.L.
All inputs
at 1σ C.L.
(2.21 ± .62)
×10−5
(2.76 ± .44)
×10−5
30o − 150o 20o − 160o
PDG98
All inputs
at 90% C.L.
(2.28 ± .86)
×10−5
(2.86 ± .76)
×10−5
23o − 157o 12o − 168o
All inputs
at 3σ C.L.
(2.65 ± 1.37)
×10−5
(3.26 ± 1.30)
×10−5
16o − 164o 4o − 176o
All inputs
at 1σ C.L.
(2.59 ± .79)
×10−5
(3.23 ± 0.63)
×10−5
28o − 152o 18o − 162o
PDG2000
All inputs
at 90% C.L.
(2.71 ± 1.12)
×10−5
(3.41 ± 1.06)
×10−5
21o − 159o 10o − 170o
All inputs
at 3σ C.L.
(3.29 ± 1.78)
×10−5
(4.14 ± 1.67)
×10−5
15o − 165o 3o − 177o
All inputs
at 1σ C.L.
(2.79 ± 0.49)
×10−5
(3.14 ± 0.31)
×10−5
42o − 138o 32o − 148o
“Future”
values
All inputs
at 90% C.L.
(2.61 ± 0.78)
×10−5
(3.19 ± 0.49)
×10−5
30o − 150o 19o − 161o
All inputs
at 3σ C.L.
(2.73 ± 1.09)
×10−5
(3.34 ± 0.89)
×10−5
23o − 157o 11o − 169o
Table 3: |J |, J
′
and δ values obtained by using PDG98, PDG2000 and “future
values” of input parameters listed in table 1 and 2 at their 1σ, 90% and 3σ
C.L.’s
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Figure 1: The histogram as well as the gaussian fit of |J | generated by consid-
ering input parameters at their 90% confidence level.
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Figure 2: Plot of J(= J
′
sinδ) vs. δ. The upper and lower sinusoidal curves
correspond to upper and lower limits of J
′
given by equation 13. The horizontal
lines depict upper and lower limits of |J | given by equation 8.
13
0 30 60 90 120 150 180
Delta
0
1e−05
2e−05
3e−05
4e−05
5e−05
J
Figure 3: Plot of J(= J
′
sinδ) vs. δ. The upper and lower sinusoidal curves
correspond to upper and lower limits of J
′
given by equation 14. The horizontal
lines depict upper and lower limits of |J | given by equation 9.
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